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metry of Maxwell equations. The expression for the charge quantum is established for the first 
time. 
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Cavity QED theory is substantial for many practical 
applications, for instance for implementing of quantum 
computation, and is studied extensively. In the theory 
of cavity QED, the Jaynes- Cummings model (JCM) for 
the one qubit case is recognized to be the simplest and 
at the same time the most effective model for the in- 
teraction between quantized electromagnetic (EM) field 
and the matter, which can be solved exactly. JCM pre- 
dicts among many interesting features, the occurrence of 
collapses and revivals of coherence in the dynamics of a 
two-level atom in interaction with a single mode of the 
quantized EM-field, squeezing, antibunching, chaos, etc. 

It seems to be, that the spectrum of quantization con- 
sequences, established at present, is far from complete 
even for simple models. The fact is that, that used at 
present canonical quantization procedure, which was pro- 
posed for the first time still at the earliest stage of quan- 
tum physics [T], is needing in its development. 

The fact is, the existing at present quantization proce- 
dure, being to be based on Maxwell equations, does not 
take nevertheless into consideretion the dual symmetry 
of given equations. 

The aim of given work is to develop the canonical quan- 
tization procedure for cavity QED. 

Suppose EM-field in volume rectangular cavity. Sup- 
pose also, that the field polarization is linear in z- 
direction. Then the vector of electrical component can 
be represented in the form 



we obtain the expression for magnetic field 



E^{r,t) = E x (z,t)e x = 



*^2A a q a (t) sin(k a z) 



a=l 



e x , (1) 



where q a (t) is amplitude of a-th normal mode of the 
cavity, a € N, k a — oltt/L, A a — y> '2uj2 m a /(Veo), 
Lu a = anc/L, L is cavity length along z-axis, V is cavity 
volume, m a is parameter, which is introduced to obtain 
the analogy with mechanical harmonic oscillator. Let us 
analyse the solution of Maxwell equations for EM-field 
in a cavity in comparison with known solution from the 
literature to pay the attention to some mathematical de- 
tails. Using the equation 



dE(z,t) 

at 



V x H(z,t) 



(2) 



H{r, t) 



E 

,a=l 



(3) 



where {/«(£)}, a. <E N, is the set of arbitrary functions 
of the time. The partial solution, in which the functions 
{fa(t)} are identically zero, is always used in all the EM- 
field literature. However even in given case it is evident, 
that the Maxwellian field is complex field. Really using 
the equation 



V x E 



dB 



Mo 



dH 
dt 



(4) 



it is easily to find the class of field functions {q a (t)}. 
They will satisfy to differential equations 



d 2 q a (t) hi 

— T7o — I q a {t) = o,a e N. 

at 1 ^ eo 



Consequently, we have 



q a (t) = C la e^< + C 2a e 



,ae N, 



(5) 



(6) 



where Ci a ,C2a,ct € N are arbitrary constants. Thus, 
real-valued free Maxwell field equations result in well 
known in the theory of differential equations situation 
- the solutions are complex-valued functions. It means, 
that generally the field functions for free Maxwellian field 
in the cavity produce complex space. So the known con- 
ception, that EM-field is real- valued, has to be corrected. 

Further, there is the second physically substantial so- 
lution of Maxwell equations. Really from general expres- 
sion ([il for the field H(r, t) it is easily to obtain differ- 
ential equations for {f a (t)}, a E N 



df a (t) 
dt 



A a y~ d cos(k a z) 



(7) 



/'o 



- A a k a q a {t)cos{k a z) = 0. 



The formal solution of given equations in general case is 



/<*(*) = A a cos(k a z) 



ka 
Mo 



q a (r)dT 



dg a (t) e 

(It 



(8) 
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Therefore, we have the second solution of Maxwell equa- 
tions in the form 

H [2] (f, t) = i J V k a A a cos{k a z)q' a {t) 1 e y , (9) 
^ l^i J 



£ [2 ^) = jf> Q ^sin(fc Q z) 



where 



q' a (t) = / 9 a (r)dr. 



(10) 



(11) 



The field Hamiltonian Ti^(t), corresponding to the 
first partial solution, in canonical form is 



1 OO 



(V) 



d q a (t) 
dt 



(12) 



The Hamiltonian 7Yl 2 ](t), corresponding to the second 
solution, can also be represented in canonical form 



1 OO 



2 „2,„ , P"l(t) 



m a v a q a {t) 



where 



q" a (t) = P a q' a (t),p" a (t) = m a v a 



dq' a (t) 
dt 



(13) 



(14) 



Here we wish to pay attention, that the analogy with me- 
chanical oscillator is the only partial, since in mechanics 
the canonical variables are the components of the vectors 
of the same parity (of polar vectors for harmonic oscil- 
lator). In EM-field theory vector- functions with differ- 
ent parities correspond to "coordinates" q a (t), q" a (t) and 
to "impulses" p a (t) , p" a (t) ■ If canonical "coordinates" 
are determined by polar vector- functions, then canonical 
"impulses" are axial vector-functions. We see, that for 
two partial independent solutions the roles of electric and 
magnetic vector-functions trade places. Consequently 
they both can be polar and axial vector-functions, which 
follows immediately from above represented partial so- 
lutions of Maxwell equations. In correspondence with 
conclusion on complex nature of Maxwellian field and in 
accordance with definition of complex quantities we can 
represent both partial solutions in the form 

(E(r, t),E® (r, t)) -> E{r, t) + i3 2 \r, t) = E c (r, t). 

(15) 

and 

(H l2] (f,t),H(f,t)) -> H [2] (r,t) + iH(r,t) = H c (f,t) 

(16) 



Given solution possess by dual symmetry. It means that 
both electric and magnetic EM-field vector-functions can 
be even and uneven under spatial inversion transforma- 
tions. On the other hand either of the two given kinds in 
accordance with Q consists of the parts, which are even 
and uneven under time reversal transformations. We see 
on the example considered, that free EM-field is 4-fold 
degenerated, that is consist of four components with dif- 
ferent spatial inversion and time reversal parity. 

At the same time the solution of Maxwell equations in 
the form ( 15 ) and ( 16 1 means, that we come to complex 



form of Maxwell equations by a natural way. 

It represents the interest to calculate the 4-currents for 
given task. It is evident, that 



Jti J, 



(i) 



(2) 



(17) 



where jfS^ is well known quantity, which is determined 

by 



le 
he 



ie 
he 



EE 

a=l j=l 



EE 

Q=l j=l 

dL 



dL 



d{d^u a {x)) 



d(d^u 3 a (x)) 



-u*J(x) 



v? a (x) 



(18) 



To determine the current j^ 2 ^ we have to take into con- 
sideration, that gauge symmetry group of EM-field is 
two-parametric group T(a,/3) = Ui(a) ® fH(/3), where 
*H(/5) is abelian multiplicative group of real numbers (ex- 
cluding zero). It leads in fact to existence of complex 
current including complex charge for EM-field. Phys- 
ically the presence of additional gauge symmetry above 
indicated follows from known invariance of Maxwell equa- 
tions under scale transformations. Then, it can be shown, 
using Nother theorem, that the current jfS^ is 



e 

he 



e 
he 



oo 2 

EE 

a=l j=l 



EE 

dL 



dL 



d(df,u J a (x)) 



-u*J(x) 



v? a (x) 



(19) 



_d{d^ui{x))* 

Lagrangian L{x) can be represented in the following form 

2 4 oo 

2 



2 4 oo 

^) = jEEE( c2 ) 



duiix) 



j — l /x— 1 a—l 

2 4 oo 



dx„ 



dw> a (x) 



dx,, 



(20) 



j — l fi—1 a—l 



Let us choose the set of time dependent components 
{q a (t)} of field vector- functions in the form 



{&(*)} = {e^ 4 }, 



(21) 
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then we will have for the components of 4-vectors 
andy 2 ) 



i M W=0,/i=l,4, 



2ec 



(22) 



CGS system is used, that is B(x) = H(x), D(x) — E(x). 
It is easily to make sure, that continuity equation 



din 

dXa 







(23) 



is fulfilled well for the case considered. It means, that 
imaginary part of charge, which is nonzero, is really con- 
serving quantity. We use further the standard procedure 
of field quantization. So for the first partial solution we 
have 



\p a (t),qp(t)] = ihS a/3 
[q a {t),q (t)} = \p a {t),p (t)]=O, 



(24) 



where a, (3 € N. Introducing the operators a a (t) and 



a a {t) 



1 



[m a uj a q a (t) + ip a (t)] 



\/2hm a uj a 

= / ^ [m a uj a q a (t) ~ ip a (t)] , 
V Zhm a uj a 

we have for the operators of canonical variables 



(25) 



[at(t) + a a (t)] 



(26) 



Pct(t) = iy hma ^ a [a+(t) - a a (t)] . 
Then field function operators are 

OO IT 

E [1] (r,t) = {J2 \ Kit) + a a (t)} sin(k a z)}e X7 



a=l 



(27) 



HW(f,t) = \ Kit) - S a (t) cos(k a z)}e v , 

(28) 

For the second partial solution, corresponding to Hamil- 
tonian Ti. [2] (t) we have 



W , a (t),# , f,(t)]=iHS afl 
[q" a (t), q %(t)} = [p" a (t),p%(t)} = 0, 



(29) 



a,f3 € N. The operators a" a {i), a"~^{t) are introduced 
analogously 



a\it) 



1 



\/2hm a uj a 



[m a aj a q" a {t) + ip" a it)} 



a" ait) = 1 [m Q w Q g" Q (<) - ip" a (*)] 
\J ATvm a u a 



(30) 



Relationships for canonical variables are 



2m a u) a 
hm a u! a 
2 



a"^(t) + a" a (t) 

a"+(t)-a" Q (i) 



(31) 



p" a (t) = i 

For the field function operators we obtain 



a=l 



huJ n 



V ®" tit) - a" aitf sin(k a z)}e x , 



(32) 



H^(r,t) 



1 hiu n 



a=l V 



(33) 



Representing field operators in the form ( 15 ) and ( 16 1 we 
will have 



a=l 



Eir,t) = {Y J \j V ^{Kit) + a a {t)] 



(34) 



'c(t) - a" a (t) }sm(fc a z)}e 



and 



^ v 

- a" a (*) + }cos(fc Q z)}e y , 
It can be shown, that 

! ^ i sin 2 fc Q z [a+(a;4),a Q (; 



(35) 



3i 1} (x 


a=l 


+ ^ 


OO T 

a — 1 


+ ¥ 


a — 1 


ie 

~ ¥ 




ie 
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ie 
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sin' 



fcaz{[a+(x 4 )] 2 - [a a (a;4)] 2 } 



sin 2 fc a z 



a Q + (.x 4 ),a a (x 4 ) 



cos' 



k a z [a Q (x 4 ),a+(a;4)] 



(36) 



4 



where j\ (x) is operator of electric charge density, K\ a , 
K2a, ol S N are the constants, which can be determined 
from initial or boundary conditions. The expression for 

"•(2)/ \ ■ 



ii 2) (^) 



-pj K la — — sin 2 k a z{a+(x4),a a {x A )} 



a=l 

ie K\ a fox>, 



sin 2 k a z{a a {x4), a a + {xi)} 



cos 2 k a z{a+(x4,), a a {xi)} 



h2 ^ 

OO j_ 

a— 1 

p ^ K 2a y^-cos 2 k a z{a a {x4),a a + {x4)}, 



a=l 

ae N, 



(37) 



where j\ (x) is operator of magnetic charge density. Ob- 
servable value of the electric charge density for the field 
state with n photons in a mode and with uneven spatial 
parity then is 



(n a \j { l ] \x)\n a ) = - 



ieu> a 
JiV 



K\ a . 2 j , K 2a 2 ; 

sin k a z H cos k a z 



£o Mo 
Conserving quantity, that is quantized electric charge is 

K\ a , Ar 2a 



q a 



euj a 

~2h 



Ik) 



(38) 
;e is 

(39) 



where 



9 



e 

2h 



/'o 



(40) 



It is easily to show that observable value of the magnetic 
charge density for the field state with n photons in a 
mode and with uneven spatial parity is equal to zero. 
We see, that classical and quantum consideration lead 
to different results. We see also that the expression for 



charge quantum is simple and it is similar to the expres- 
sion for the energy quantum. It is evident that quantiza- 
tion of electric charge and magnetic charge in the cavity 
QED arc realized independenly, in distinction from Dirac 
consideration [2] for free EM-field. It is understandable 
also that the nonzcroth value of magnetic charge quan- 
tum will always substantially exceed the value of electric 
charge quantum, however their ratio in general case can 
be dependent on initial or boundary conditions in the 
cavity. 

Recently the phenomena of ferroelectric spin wave res- 
onance (FE SWR) and antifcrroelectric spin wave res- 
onance (AF SWR) were discovered experimentally and 
reported in [3] and ^Q. The experimental results were 
explained in the frame of the model reported in [5], 
in which the existence of the EM-field component with 
axial electric field vector-function was required to ob- 
tain the agreement with earlier known experimentally 
detected optical analogues of magnetic resonance tran- 
sition phenomena. The ferromagnetic spin wave reso- 
nance (FM SWR) was also observed earlier strictly in 
the same sample, that is on the same carbon chains, and 
was reported in . The values of splitting parameters 
2l B and 2l ff in FE SWR and FM SWR allow to find 
the ratio Je/Jh of exchange constants. The range of 
the ratio Je/Jh was (1.2 — 1.6)10 4 . Given result seems 
to be direct proof, that the function, which is invariant 
under gauge transformations is two component, that is 
complex-valued function. In other words, the complex 
charge corresponds to presence of exchange interacting 
solitons with two independent exchange constants. We 
can evaluate the ratio of imagine en = g to real = e 
components of complex charge taking into account the re- 
lations hip betw een exchange interaction and charge. It is 
f ~ ^JeTJh- (1.1-1.3)10 2 . It seen, that given result 
agrees well with Dirac relationship [5] g ~ 68.5en, where 
n = ±1, ±2, at n = 2. It is substantial that magnetic 
charge carriers are space extended, ~ 20 interatomic car- 
bon chain units, objects - spin-Peierls solitons, which pro- 
duce the superlattice in carbynoid samples. They differs 
naturally from point electric charge carriers - electrons 
and from hypothetic Dirac point monopoles. 
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